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(_^ i Abstract. Let X and Y be compact Kahlcr manifolds, and let / : X — 5> y be 

CN ' a dominant meromorphic map. Base upon a regularization theorem of Dinh 

►^ ' and Sibony for DSH currents, we define a puUback operator /" for currents 

^ , of bidegrees (p,p) of finite order on Y (and thus for any current, since Y is 

h-^ 1 compact). This operator has good properties as may be expected. 

^— ( ' Our definition and results are compatible to those of various previous works 

of Meo, Russakovskii and Shiffman, Alessandrini and Bassanelli, Dinh and Si- 
bony, and can be readily extended to the case of meromorphic correspondences. 
Wc give an example of a meromorphic map / and two nonzero positive 
^^ ' closed currents Ti, T2 for which /'(Ti) = — T2. We use Siu's decomposition to 

^\ ' help further study on pulling back positive closed currents. Many applications 

^i , on finding invariant currents are given. 

1. Introduction 

CNJ ■ Let X and Y be two compact Kahler manifolds, and lot / : X ^- y be a dominant 

^ I meromorphic map. For a (p, p)-current T on Y, we seek to define a puUback f\T) 

which has good properties. Such a pullback operator will be helpful in complex 
dynamics, in particular in the problem of finding invariant closed currents for a 
self map. 

We let Tix 7 TTy : X xY ^ X,Y he the two projections (When X = Y we denote 
^^ ■ these maps by tti and 712). Let T f (Z X xY he the graph of /, and let C/ C T f 

he the critical set of Try, i.e. the smallest analytic subvariety of F/ so that the 
restriction of Try to T f — C/ has fibers of dimension dim{X) — dim{Y). For a set 
B C Y, wc define f^^{B) = 7rx(7ry^(i?) n F/), and for a set A C X we define 
fiA) = TrYi7T],\A)nrf). 
^ , If T is a smooth form on Y, then it is standard to define f*{T) as a current 

C^ ■ on X by the formula /*(T) = (Trx)*(7r^(r) A [F/]). This definition descends to 

cohomology classes: If Ti and T2 are two closed smooth forms on Y having the 
same cohomology classes, then f*{Ti) and /*(T2) have the same cohomology class 
in X. This allows us to define a pullback operator on cohomology classes. These 
considerations apply equally to continuous forms. When T is an arbitrary current 
on Y, we can still define 7ry(r) as a current on X x F. However, in general it is 
not known how to define the wedge product of the two currents TTy (T) and [Tf] . 
This is the source of difficulty for defining pullback for a general current. 

For some important classes of currents (positive closed and positive dd'^-closed 
currents, DSH currents, for definitions see the next subsection), there have been 
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works on this topic by Meo |2^, Russakovskii and Shiffman [21], Alessandrini and 
Bassanelli [2], Dinh and Sibony [13],[15|. We will give more details on these works 
later, but here will discuss only some general ideas used in these papers. Roughly 
speaking, in the works cited above, to define puUback of a (p,p) current T, the 
authors use approximations of T by sequences of smooth (p, p) forms T„ satisfying 
certain properties, and then define f'^{T) = lini„_j.oo f*{Tn) if the limit exists and 
is the same for all such sequences. In order to have such approximations then T 
must have some positive property. In these definitions, the resulting pullback of a 
positive current is again positive. 

Our idea for pulling back a general (p,p) current T is as follows. Assume that 
we have a well-define pullback f'{T). Then for any smooth form of complement 
bidegree a we should have 

/«(r)Aa= f TAMa). 
X Jy 

The wedge product in the integral of the RHS is not well-defined in general. To 
define it we adapt the above idea, that is to use smooth approximations of either 
T or fi:{a). Fortunately, since Y is compact, any current T is of a finite order 
s. Moreover since /*(a) is a DSH current, we can use the regularization theorem 
in |15] to produce approximation by C* forms A'„ (/*(«)) with desired properties. 
Then we define 



fHT)Aa^ lim /" T A if„(/*(a)), 

n— )-oo Jy 



IX 

if the limit exists and is the same for such good approximations. The details of 
this definition will be given in the next subsection. We conclude this subsection 
commenting on the main results of this paper: 

-Our pullback operator is compatible with the standard definition for continuous 
form and with the definitions in the works cited above. 

-There are examples of losing positivity for currents of higher bidegrees when 
pulled back by meromorphic maps. 

-We obtain a natural criterion on pulling back analytic varieties which, combined 
with Siu's decomposition, can be used to help further study pullback of general 
positive closed currents. 

-We can apply the definition to examples having invariant positive closed currents 
of higher bidegrees whose supports are contained in pluripolar sets. 

1.1. Definitions. For convenience, let us first recall some facts about currents. 
The notations of positive and strongly positive currents in this paper follow the 
book [7|. For a current T on F, let supp{T) denote the support of T. Given s > 0, 
a current T is of order s if it acts continuously on the space of C* forms on Y 
equipped with the usual C^ norm. A positive {p,p) current T is of order 0. If T is 
a positive {p,p) current then its mass is defined as ||T|| =< T,ujy ^ >, where 

loy is a given Kahler (1, 1) form of Y . If T is a closed current on F, we denote by 
{T} its cohomology class. If F is a subvariety in F, we denote by \V] the current 
of integration on V, which is a strongly positive closed current. We use ^ for weak 
convergence of currents. 

For any p, we define DSHP{Y) (see Dinh and Sibony [12] ) to be the space of (p,_p) 
currents T = Ti — T2, where Ti are positive currents, such that dd'^Ti ~ ilf — 17^ 
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with flf positive closed. Observe that \\fl'^\\ = \\^Y\\ since they arc cohomologous 
to each other because d<r{Ti) is an exact current. Define the DSH-norm of T as 

llTlbsff :=min{||ri|| + ||T2|| + ||r!+|| + ||r!+||, T,, Q,, as above}. 

Using compactness of positive currents, it can be seen that we can find T^, ^f 
which reahze HTJIds//, hence the minimum on the RHS of the definition of DSH 
norm. We say that r„ ^ T in DSHP{Z) if T„ weakly converges to T and | {T^Wdsh 
is bounded. 

Our definition is modelled on th smooth approximations given by Dinh and 
Sibony |12| . However, some restrictions should be imposed on the approximations 
when we deal with the case of general maps: 

1) Since any definition using local approximations will give a positive current 
as the resulting puUback of positive currents, in general we need to use global 
approximations in order to deal with the cases like the map Jx in Section 4. 

2) For a general compact Kahler manifold, it is not always possible to approxi- 
mate a positive closed current by positive closed smooth forms (see Proposition[2]for 
an example where even the negative parts of the approximation are not bounded). 

3) The more flexible we allow in approximating currents, the more restrictive 
the maps and currents we can define pullback. For example, we have the following 
observation 

Lemma 1. Assume that for any positive closed smooth (j>,p) form. T and for every 
sequence of positive closed smooth forms T„ whose masses \\T^\\ are uniformly 
bounded and T+ — T^^ -^ T, then f*{T^ — T^) -^ f*(T). Then the same property 
holds for any positive closed {p,p) current T. 

Proof. In fact, let T+ — T~ and 5+ — S~ be two sequences weakly converging to a 
positive closed {p,p) current T, where T^ and S^ are positive closed smooth {p,p) 
forms having uniformly bounded masses. Then (T+ + 5^) — {T~ +S^) is a sequence 
weakly converges to with the same property, and because is a smooth form, we 
must have /* (T+ + S~) — f* {T~ + 5*+) weakly converges to by assumption. Hence 
f*{T+ - T^) and /*(5+ - S^) converges to the same limit. D 

Roughly speaking, under the conditions of Lemma [T] then all positive closed 
currents can be pulled back. However, this is not true in general (see Example 2). 
We will restrict to use only good approximation schemes, defined as follows 

Definition 1. Let Y be a compact Kahler manifold. Let s > he an integer. We 
define a good approximation scheme by C^ forms for DSH currents on Y to be 
an assignment that for a DSH current T gives two sequences K^ (T) (here n ~ 
1,2,...^ where K^{T) are C forms of the same bidegrees as T, so that Kn{T) = 
K^{T) — K~{T) weakly converges to T, and moreover the following properties are 
satisfied: 

1) Boundedness: The DSH norms of K^ (T) are uniformly bounded. 

2) Positivity: IfT is positive thenK^iT) are positive, and \\Ki^(T)\\ is uniformly 
bounded with respect to n. 

3) Closedness: IfT is positive closed then K^{T) are positive closed. 

4) Continuity: If U d Y is an open set so that T\if is a continuous form then 
K^(T) converges locally uniformly on U . 

5) Additivity: If Ti and T2 are two DSH^ currents, then A„ (Ti -\- T2) ~ 
K^{T,)+Ktm. 
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6) Commutativity: If T and S are DSH currents with complements bidegrees 
then 



lini[/ K,,iT)AS- / TA/v„(5)]=0. 

n^oo Jy Jy 

7) Compatibility with the differentials: dd'^K^{T) = K^{dd'^T). 

8) Condition on support: The support of Kn{T) converges to the support of T . 
By this we mean that if U is an open neighborhood of supp(T), then there is no so 
that when n > no then supp{Kn{T)) is contained in U . Moreover, the number uq 
can be chosen so that it depends only on suppiT) and U but not on the current T . 

Now we give the definition of puilback operator on DSHP{Y) currents 

Definition 2. Let T be a DSHP(Y) current on Y . We say that f^T) is well- 
defined if there is a number s > and a current S on X so that 

lim f*{R\,{T)) = S, 
for any good approximation scheme by C"^^ forms A„ . Then we write f'^{T) = S. 

By the commutativity property of good approximation scliemes by C^ forms, if 
T is DSH so that f'^{T) = 5* is well-defined then for any smooth form a we have 

/»(T)Aa= lim / T A A'„ (/,(«)). 

IX n^oo Jy 

This equality helps to extend Definition [2] to any (p,p) current T. Recall that since 
y is a compact manifold, any current on Y is of finite order. 

Definition 3. Let T be a {p,p) current of order sq. We say that f'^{T) is well- 
defined if there is a number s > Sq and a current S on X so that 



lim / TAK„{f*i(^)= SAa, 
"^ Jy Jx 

for any smooth form a on X and any good approximation scheme by C''^^ forms. 
Then we write f^{T) = S. 

1.2. Results. The operator /" in Definitions [2] and [3] has the following properties: 

Lemma 2. i) If T is a continuous {p,p) form (not necessarily DSH) then f^{T) is 
well-defined and coincides with the standard definition f*{T) := (7ri)*(7r2 (T) A[rj]). 

ii) /' is closed under linear combinations: If f^{Ti) and f^{T2) are well-defined, 
then so is /'(aiTi +0212) for any complex numbers oi and 02. Moreover /'(fliTi + 
a2T2)=ai/«(Ti)+a2/«(T2). 

Hi) IfT is DSH and f''{T) is well-defined, then the support of f'{T) is contained 
in f^^{supp{T)). 

iv) IfT is closed then f^{T) is also closed, and in cohomology {/'(T)} ~ /*{r}. 

For a smooth form, we can also define its puilback by using any desingularization 
of the graph of the map. We have an analog result 

Theorem 4. Let T f be a desingularization ofTf, and let tt : T f ^ X and g : Tf -^ 
Y be the induced maps o/ttx jF/ and Try jF/. Thus F/ is a compact Kdhler manifold, 
IT is a modification, and g is a surjective holomorphic map so that / = govr^^. Let 



PULL-BACK OF CURRENTS BY MEROMORPHIC MAPS 5 

T be a {p,p) current on Y. If g^{T) is well- defined, then f^{T) is also well-defined. 
Moreover f^{T) = 7r*(.gf(T)). 

The following result is a restatement of a result of Dinh and Sibony (section 5 
in [13]): 

Theorem 5. Let he a smooth function on X xY so that supp{9) nF/ CT f ~Cf. 
Then for any DSH^ current T on Y , (7rx)*(^[r/] A7ry(T)) is well-defined (see also 

m)- 

The following result is a generalization of a result proved by Dinh and Sibony in 
the case of projective spaces (see Proposition 5.2.4 in |15j ) 

Theorem 6. Let X and Y be two compact Kdhler manifolds. Let f : X ^f Y be 

a dominant meromorphic map. Assume that irxiCf) is of codimension > p. Then 
f\T) is well-defined for any positive closed {p,p) current T on Y. Moreover the 
following continuity holds: if Tj are positive closed {p, p) currents weakly converging 
to T then f\Tj) weakly converges to f'^iT). 

Example 1: In [4], Bedford and Kim studied the linear quasi-automorphisms. 
These are birational selfmaps / of rational 3-manifolds X so that both / and f~^ 
have no exceptional hypersurfaces. Hence we can apply Theorem [S] to pullback and 
pushforward any positive closed (2,2) current on X. The map Jx in Section 4 is 
also a quasi-automorphism. 

Below is a more general result, dealing with the case when the current T is good 
(say continuous) outside a closed set A whose preimage is not big. 

Theorem 7. Let X and Y he two compact Kdhler manifolds. Let f : X ^f Y be 
a dominant meromorphic map. Let A <Z Y he a closed subset so that f^^{A) n 
TTxiCf) C V where V is an analytic subvariety of X having codim > p. If T is 
a positive closed {p,p)-current on Y which is continuous on Y ~ A, then f^{T) is 
well-defined. Moreover, the following continuity holds: If T^ are positive closed 
continuous {p,p) forms so that \\T^\\ are uniformly bounded, T^ — T^ -^ T, and 
Tjj locally uniformly converges onY ~ A, then f*{T^ — T,^) -^ f'^{T). 

When Trx{Cf) has codimension > p, then we can choose A = Y in Theorem [3 
and thus recover Theorem [51 

As a consequence, we have the following result on pulling back of varieties: 

Corollary 1. Let f,X,Y be as in Theorem^ Let V he an analytic variety of Y 
of codim p. Assume that f^^{V) has codim > p. Then f'^[V] is well-defined. 

The assumptions in Corollary [1] are optimal, as can be seen from 
Example 2: Let F = a compact Kahler 3-fold, and let Lq be an irreducible 
smooth curve in Y. Let tt : X -^ Y he the blowup of Y along Lq. If L is an 
irreducible curve in Y which does not coincide with Lq then 7r~^(L) has dimension 
1, hence Tr^[L] is well-defined. In contrast, it is expected that 7r''[Lo] is not well- 
defined. One explanation (which is communicated to us by Professor Tien Cuong 
Dinh, see also the introduction in [2]) is that if 7r'*[Lo] was to be defined, then it 
should be a special (2,2) current on the hypersurface 7r~^(Lo). However, we have 
too many (2, 2) currents on that hypersurface to point out a special one. 
We have the following example of losing positivity 
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Corollary 2. Let X be the blowup ofP^ along 4 points eo = [1 : : : 0], ei = [0 : 

1 : : 0], 62 = [0 : : 1 : 0], 63 = [0 : : : 1]. Let J -.F^ ^¥^ be the Cremona map 
J[xo : Xi : X2 '■ x^] = [I/xq '■ 1/xi : l/a;2 : l/a^s], and let Jx be the lifting of J to X. 

For < i 7^ J < 3, let S^ j be the line in V^ consisting of points [xq : Xi : X2 : 2:3] 
where Xi ~ Xj ~ 0. Let Yii_j be the strict transform ofY,i,j in X. 

For any positive closed (2,2) current T , J^{T) is well-defined. Moreover, J^{[J^q,i] 
-[sTa] and4{[^,])^-[f^,]. 

Remark 1. The map Jx was given in Example 2.5 page 33 in [19j where the 
author showed that the map Jx ■ H^''^{X) — s- iJ^'^(X) does not preserve the cone 
of cohomology classes generated by positive closed (2, 2) currents. 

In Lemma [T(A it will be shown that (Jj^)^(T) = T for any positive closed (2, 2) 
current T . Thus this example gives positive support to an open question posed in 
Section 6. 

We conclude this subsection discussing pullback of a positive closed (p, p) current 
T in general. For c > define Ec{T) = {y £ Y : v{T,y) > c}, where v{T,y) is 
the Lelong number of T at y (see [7] for definition) . Then by the semi- continuity 
theorem of Siu (see [l^, and also [7|), Ec{T) is an analytic subvariety of Y of 
codimension > p. Moreover, we have a decomposition 

00 
T = i? + ^A,[y,], 

where \j > 0, Vj is an irreducible analytic variety of codimension p and is contained 
in E{T) = Uc>o-E'c(2^), and i? is a positive closed current such that Ec{R) has 
codimension > p for all c > 0. Note that E{T) = the union of i?c(T)'s for rational 
numbers c > 0, hence is a (at most) countable union of analytic varieties. 

Theorem 8. Notations are as above. Assume that for any irreducible variety V 
of codimension p contained in E[T), then f~^{y) has codimension > p. Then 
■f i^TLi ^ji^j]) ^s well-defined and is equal to X]^i -^j/"!^]- Hence f'^{T) is well- 
defined iff f\R) is well-defined. 

1.3. Compatibility with previous works. In this subsection we compare our 
results with the results in previous papers. 

The pullback of positive closed (1, 1) currents was defined by Meo [20] for finite 
holomorphic maps between complex manifolds (not necessarily compact or Kahler) . 
Our definition coincides with his in the case of compact Kahler manifolds 

Corollary 3. Let X and Y be two compact Kahler manifolds. Let f : X -^ Y be a 

dominant meromorphic map. Let T be a positive closed (1, l)-current on Y . Then 
f\T) is well-defined, and coincides with the usual definition. 

Proof. Since 7rx(C/) is a proper analytic subvariety oi X, it has codimension > 1, 
thus wc can apply Theorem [S] D 

The pullback of positive dd'^ closed (1,1) currents were defined by Alessandrini - 
Bassanel [2] and Dinh -Sibony |13| under several contexts. Our definition coincides 
with theirs in the case of compact Kahler manifolds 

Corollary 4. Let X and Y be two compact Kahler manifolds. Let f : X ^>- Y be 
a dominant meromorphic map. LetT be a positive dd'^- closed (1, \)-current on Y. 
Then f\T) is well-defined, and coincides with the usual definition. 
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Proof. Consider a desingulariztion F/ and tt : F/ — > X and g : Tf ~^ Y as in 
Theorem m Then it suffices to show that g^{T) is well-defined. This later follows 
from the proof of Theorem 5.5 in |13) . D 

For a map / : P*"' ^ P*^, Russakovskii and Shiffman [21] defined the pullback of 
a linear subspace V of codimension p in P for which tt^ (V) n Tf has codimension 

> p m Tf. It can be easily seen that this is a special case of Corollary [TJ In the 
same paper, we also find a definition for pullback of a measure having no mass on 
7ry(C/). Our definition coincides with theirs 

Theorem 9. Let X and Y be two compact Kdhler manifolds. Let f : X ^ Y 
be a dominant meromorphic map. Let T be a positive measure having no mass 
on 7ry(C/). Then f'*{T) is well-defined, and coincides with the usual definition. 
Moreover, if T has no mass on proper analytic subvarieties of Y , then f^{T) has 
no mass on proper analytic subvarieties of X . 

1.4. Applications. We now discuss the problem of finding an invariant current of 
a dominant meromorphic self-map /. Let f : X ^ X he a dominant meromorphic 
selfmap of a compact Kahler manifold X of dimension k. Define by rp{f) the 
spectral radius of /* : HP'P{X) -^ HP'P{X). Then the p-th dynamical degree of / 
is defined as follows: 

5,{f) = hm {r,{f-)f'\ 

n— >oo 

where /"' = /o/o...o/is the n-th iteration of /. When p = dim{X) then Sp{f) 
is the topological degree of /. 

The map / is called p-algebraic stable (see, for example [15]) if (/*)" = (/")* 
as linear maps on HP'P{X) for all n = 1, 2, . . .. When this condition is satisfied, it 
follows that Sp{f) = rp{f), thus helps in determining the p-th dynamical degree of 

/• 

There is also the related condition of p-analytic stable (see [13]) which requires 
that 

1) (/")'(r) is well-defined for any positive closed (p,p) current T and any n > 1. 

2) Moreover, (/")»(T) = {f^'"{T) for any positive closed {p,p) current T and 
any n>2. 

Since HP'P{X) is generated by classes of positive closed smooth {p,p) forms, p- 
analytic stability implies p-algebraic stability. In fact, if 7ri(C/) has codimension 

> p, then / is p- analytic stable iff it is p- algebraic stable and satisfies condition 1) 
above so that (/'*)"(a) is positive closed for any positive closed smooth {p,p) form 
and for any n > 1. Hence 1-algebraic stability is the same as 1-analytic stability. 

For any map / then / is fc- algebraic stable where k =dimension of X. If / is 
holomorphic then it is p-algebraic stable for any p. We have the following result 

Lemma 3. Let X be a compact Kahler manifold with a Kahler form lux cind 
f : X -^ X be a dominant meromorphic map. Assume that 7ri(C/) has codimension 

> p and f is p- analytic stable. Let ^ 9 be an eigenvector with respect to the 
eigenvalue A = rp{f) the spectral radius of the linear map f* : HP'P{X) -^ HP'P{X). 
Assume moreover that ||(/")*(w5:)ll ~ ^" as n -^ oo. Then there is a closed 
{p, p) current T which is a difference of two positive closed (p, p) currents satisfying 
{T}^e and f\T) = Xr. 
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Since / is p-analytic stable, the condition on ||(/")*('^x)ll '^^^ ^^ easily checked 
by look at the Jordan form for /* (see e.g. [E]). Variants of this condition are also 
available. Lemma |3] generalizes the results for the standard case p = 1 and for the 
case X = P'^ in Dinh and Sibony [15]. We suspect that the pseudo-automorphism 
in [4] are 2-analytic stable, the latter may probably be checked using the method 
of the proof of Lemma 1101 If so. Lemma [3] can be applied to these maps to pro- 
duce invariant closed (2, 2) currents. However, these invariant currents may not be 
unique, since for the maps in [3] the first and second dynamical degrees are the 
same. The map Jx in Section 4 has invariant (2, 2) current Sq,! ~ 5^2,3 which is not 
positive. The relation between j>-algebraic and p-analytic stabilities to the problem 
of finding invariant currents will be discussed more in Sections 5 and 6. 

Let us continue with an application concerning invariant positive closed currents 
whose supports are contained in pluripolar sets. 

Corollary 5. Let /i ; V'^'^ -^ P'^^ and /2 : P'''^ — !> P'^^ be dominant rational maps 
not 1-algebraic stable, of degrees di and d2 respectively. Then there is a nonzero 
positive closed (2, 2) current T on P^'^ x P'^^ ^yj^/j the following properties: 

1) f\T) is well-defined and moreover f\T) = did2T, here f = fi x f2- 

2) The support of T is pluripolar. 

The existence of Green currents Ti and T2 for /i and /2 were proved by Sibony 
P2] (see also [S]). The current T is in fact the product Ti x T2. Its support is 
contained in a countable union of analytic varieties of codimension 2 in P'^^ x P'^^ . 
The subtlety in proving the Conclusion 1) of Corollary [S] lies in the fact that for 
general choices of /i and /2 it is not clear that we can pullback every positive 
closed (2, 2) currents, and even if we can do so, we may not have the continuity on 
pullback like in the case of (1, 1) currents. 

Corollary 6. Let X be a compact Kdhler manifold of dimension k, and let f : 
X ^ X be a dominant meromorphic map. Assume that f has large topological 
degree, i.e. Sk{f) > Sk-i{f). Then f has an invariant positive measure fi, i.e. 
f*{ii) = 5k{f)ii. 

The result of Corollary|6]belongs to Guedj [18] . Our proof here is slightly different 
from his proof in that we don't need to show that the measure /^ has no mass on 
proper analytic subvarieties. 

Corollary 7. Let X be a compact Kdhler manifold, and let f : X ^ X be a 
surjective holomorphic map. Let X be a real eigenvalue of f* : HP-p{X) — >■ H'^'^^X), 
and let =/= 9\ £ H^'P^X) be an eigenvector with eigenvalue A. Assume moreover 
that |A| > Sp-i{f). Then there is a closed current T of order 2 with {T} = 9\ so 
that f'*{T) is well-defined, and moreover f^{T) = AT. 

Example 3: Let X = P^^ x P,^^ x P^^ , and let /: X ^ X to be /(wi, 102,^3) = 
{P2{w2) , P-i{w3) , Pi{wx)) where Pi,P2,^3 : P^ — > P^ are surjective holomorphic 
maps of degrees > 2, and not all of them are submersions (For example, we can 
choose one of them to be P[z{) : zi : 22] = [z^ : zf : z|] for some integer d > 2). 
Theorem [7] can be applied to find invariant currents for /. 
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The rest of this paper is organized as follows: In Section 2 we collect some 
simple but helpful properties of positive currents. Then we consider the pull-back 
operator in Section 3. In Section 4 we explore the properties of the map Jx- We 
will also give results concerning the operator /° on positive closed currents defined 
by Dinh- Nguyen |llj (see Proposition [ij, and concerning the regularization results 
of Dinh-Sibony [T^] (see Proposition[2]). In Section 5 we consider invariant currents. 
We give examples of good approximation schemes and discuss some open questions 
in the last section. 

2. Some preliminary results 

In this section, we collect some simple but useful facts about positive currents. 
All the results presented are well known, but we include the proofs for the con- 
venience of the readers. Through out this section, let Z he a. compact Kahler 
manifold of dimension k, with a Kahler (1,1) form ujz- Let tti,tt2 '■ Z x Z ^ Z he 
the projections, and let Az C Z x Z he the diagonal. 

Lemma 4. Let T be a continuous real {p,p) form on Z. Then there exists a 
constant A > independent of T so that 

A\\T\\l^ujI±T 

are both strongly positive forms. 

Proof. Since Z is a compact Kahler manifold, there is a finite covering of Z by open 
sets t/'s each of them is biholomorphic to a ball in C*^. Using a partition of unity 
for this covering, we reduce the problem to the case where T is a continuous real 
{p,p) form compactly supported in a ball in C*^'. Since T is a real form, we can 
write 

T = ^ ifi,jdzi A dz7 + fijd'zj A dzj), 

\i\=\J\=p 

where //_j are bounded continuous complex-valued functions. By Lemma 1.4 page 
130 in [7], dzi AdzJ can be represented as a linear combination of strongly positive 
forms with complex coefficients. Let us write 

dzi A dry = ^ ai^,iiipi, 
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where ^ is a finite set independent of / and J, fi are fixed strongly positive {p,p) 
forms, and oti^j.i are complex numbers. Then 

dzj A dzj ^ ^ oTJJ^i- 
ieA 
Hence T can be represented in the form 

\i\=\j\=pieA 



where //,j,i = aj^j^ifij + ajjifi^j are bomided continuous real-valued functions 
satisfying ||//,j,i||L°c < A||T||ioo for some constant A> independent of T. Each 
of the forms (pi can be bound by a multiplicity of o;^, hence we can find a constant 
A > independent of T so that A||T|[loocj^ ± T are strongly positive forms. D 

Lemma 5. Let S be a strongly positive current on Z , and let T be a continuous 
positive {p,p) form. Then S AT is well-defined and is a positive current. 

Similarly, if S is a positive current on Z , and T is a continuous .strongly positive 
(PtP) form then S AT is well-defined and is a positive current. 

Proof. Since 5 is a strongly positive current on Z, it is of order zero, hence can be 
wedged with a continuous form. Thus S* A T is well-defined. Now we show that 
5' A T is a positive current. 

We can approximate T uniformly by smooth {p,p) forms r„. Then use LemmaSl 
there is a constant A > independent of n so that A||T — T!„||iooa;^ ± [T ~Tn) are 
strongly positive. Since T is a positive form, this implies that Tn + A\\T — Tn\\L°°uj^z 
arc positive for all n. Since the current S acts continuously on C^ forms, and we 
chose T„ to converge uniformly to T, we have that 

S AT ^ lim 5Ar„= lim 5 A (r„ + A||T - T„||loolj^). 

Since S is strongly positive and T„ + A||r — T„||l=ocj^ are positive smooth forms, 
S A {Tn -\- A\\T — T„| licxjoj^) are positive currents. Thus S* A T is the weak limit of 
a sequence of positive currents, hence itself a positive current. D 

Lemma 6. Let T be a positive closed {p,p) current on Z. Then there is a closed 
.smooth {j),p) form 9 on Z so that {9} ~ {T} in cohomology, and moreover 

-A||r||w|<6'< A||T||w|. 

Here A> is independent ofT. 

Proof. Let tti,tt2 : Z x Z ^ Z he the two projections, and let Az be the diagonal 
of Z. Let A be a closed smooth form on Z x Z representing the cohomology class 
of [A^] . If we define 

= (^i),(^2*(r)AA), 

it is a smooth {p,p) current on Z having the same cohomology class as T. Since 
Z is compact, so is Z x Z, and by Lemma |4] there is a constant A > so that 
A{-kIuiz + TT2U} z)'^^'^^^^ ± A are strongly positive forms. Since T is a positive 
current, by Lemma [S] it follows that 

= (^i)*(7r*(r) A A) < A(7ri)*((7r*c^z + ^*^z)*™(^) A 7r*(T)) = A||r||c^^. 

Similarly, we have also 9 > —A\\T\\uj^. D 
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Lemma 7. Let Tj be a sequence of DSHP{Z) currents converging in DSH to a 
current T. Then for any continuous {k ~ p,k — p) form S we have 

lim I TjAS^ I T AS. 

Proof. By assumption, Tj weakly converges to T in the sense of currents, and 
moreover we can write Tj ~ T^ — T^ and T = r+ — T^ where T and T^ are 
positive currents, whose norms are uniformly bounded. Since S* is a continuous 
form, we can find a sequence of smooth forms 5„ uniformly converging to S, i.e. 
we can choose Sn smooth forms so that 

UJy ^ < S — Sn < —U!y~'^. 

n n 

Hence by Lemma [5l for any j and n 

--(l|7;+ll + l|7;^ll)+ f T,ASn< f T,AS<-i\\T;\\ + \\Tr\\)+ f T, A S^. 
n Jz Jz 1^ Jz 

Hence given a number n, letting j -^ oo, using the fact that Tj -^ T, Sn is smooth, 

and llTjIlDSff is uniformly bounded 

+ I TASn< liniinf [ Tj A S < hmsup [ Tj A S < - + j T A Sn, 

n Jz J^°° Jz ]^oo Jz " Jz 

where A > is independent of n. Since T is a difference of two positive currents, 
it is a current of order zero, hence acting continuously on the space of continuous 
forms equipped with the sup norm. Since Sn converges uniformly to S', we have 



lim / T ASn= / T AS. 
n^'^ J z Jz 

Combining this and the previous inequalities, letting n — >■ oo, we obtain 



lim / TjAS= / T AS, 
J->-°° Jz Jz 

as wanted. D 

3. Pull-back of DSH currents 
First, we show the good properties of the operator /" 

Proof. (Of Lemma [21) Let Kn = K^ — K^ be a good approximation scheme by C^ 
forms. 

i) If T is a continuous form, then K^{T) uniformly converges on Y. Hence there 
are continuous forms T~^ , T^ and constants e„ decreasing to 0, so that T — T^ ^T~ 
and -enUJ^ < K^{T) - r± < e„w^. Then 

-e„/*K) < f*{Kt[T)) - f*{T^) < 6„/*K), 

and thus f*{K^{T)) weakly converges to f*{T^). Therefore, f*{K+{T) - K-{T)) 
weakly converges to f*{T+) - f*{T-) = f*{T). This shows that /'(T) is well- 
defined and coincides with the usual definition. 

ii) Follows easily from the definition. 

iii) If T is DSH, the result follows from the definition and the fact that support 
of Kn{T) converges to support of T. 
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iv) First we show that if T = Ti + d(¥'T2 is closed, where Ti is a {p,p) current 
and T2 is a (p — l,p — 1) current both of order 0, and f^{T) is well-defined, then 
/"(T) is closed. 

From the assumption, it follows that Ti is closed. To show that /'(T) is closed, 
it suffices to show that if a is a d-exact (dim{X) — p, dim{X) — p) smooth form, 
then 

/ /«(T)Aa = 0. 
Jx 

In fact, by definition 

JHt) a a = lim / Ti A A-„(/4a)) + Ts A dd'K^{f,{a)). 



V ft — ^00 f yr 

By the dd'^ lemma, there is a smooth form /3 so that a = dd'^{(3). Then by the com- 
patibility with differentials of good approximation schemes, we have Kn(f*{a)) = 
Kn{f*[dd'^(i)) = dd'^Kn{f*{[i)) is d-exact. Thus each of the two integrals in the 
RHS of the above equality is 0, independent of n. Hence the limit is as well. 

Now we show that {/'(T)} = f*{T}. Let be a smooth closed form so that 
{T} = {6}. Then there is a current R so that T — 9 = dd'^{R). If a is a closed 
smooth form then 

(/«(r)-/*(0))Aa = lim [{T-e)AKMM)) 



= lim / dd''iR)AKniMa)) 



Y 



= lim f RAK„{f^{dd''a))=0, 



'Y 

since dd^a) = 0. This shows that {/"(T)} = {f*{0)}, and the latter is f*{T} by 
definition. 

D 

Proof. (Of Theorem |4]) Assume that g^{T) is well-defined with respect to number 
s in Definition |31 Let a be a smooth form on X and K^ a good approximation 
scheme by C'''+^ forms on Y. Then /*(a) = (7*(7r*a). Since 7r*(a) is smooth on F/ 
and g^{T) is well-defined, we have 

lim / TAKnif*a) = lim / TAKn{g^Tr*a) 

5»(r)A7r*a= / 7r,.g«(r)Aa, 



as wanted. D 

Now we give the proofs of Theorems [H IH [3 [8] and [9] 

Proof. (Of Theorem [5]) In this proof we use the value s = in Definitions [H and 
|3l The proof is the same as the proof of Lemma 3.3 in [13] using the following 
observations: 

i) Lemma 3.1 in |13| applies for C^ forms T„. Hence Lemma 3.3 in |13j applies 
to C^ forms T„. 
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ii) Let us choose two difference good approximation schemes by C^ forms /\„ = 
K+ - K- and i/„ = H+ - R- . Then the sequences K+ (T) + R- (T) and R- (T) + 
R^(T) converges in DSR to a same positive current. 

iii) Apply Lemma 3.3 in [13] to the sequences K+{T) + R^iT) and K-{T) + 
Rt{T), we conclude that in F/ - C/, the sequences f*{K+{T)) + f*{R~{T)) and 
f*{K~{T)) + f*{R^{T)) converges to a same current. Thus we have that the 
sequences f*{K+{T) - K~{T)) and f*{R+{T) - R-{T)) converges in F/ - C/ to 
a same current. D 

Proof. (Of Theorem |6|) We follow the proof of Proposition 5.2.4 in jT5] with some 
appropriate modifications. Let A'„ = A' + — A',7 be a good approximation scheme 
by C^ forms. 

a) First we show that f^{T) is well-defined for any positive closed (p,p) current 
T. 

Let be a smooth closed {p,p) form so that {6} = {T} in cohomology classes. 
Since T = (T — 0) + 0, by Lemma[2l to show that f^{T) is well-defined, it is enough 
to show that f^{T — 9) is well-defined. By dd'^ lemma (sec also [2]), there is a DSR 
current R so that T — 6 = dd'^{R). Hence to show that f^{T — 9) is well-defined, it 
is enough to show that f^{R) is well-defined. 

We can write Kn{R) = Ri.n — R2.m where i?i_„ are positive {p — l,p — 1) forms 
of class C^, and dd'^{Ri^n) = ^t.n ~ ^i~ni where Vt^ „ are positive closed C^ {p,p) 
forms. Moreover, ||i?i,n|| and ||^j„|| are uniformly bounded. 

i) First we show that ||/*(i?i,n)|| are uniformly bounded. Theorem [5] implies 
that f*{Ri.n) converges in X — Trx{Cf) to a current. Since the codimension of 
TTx{Cf) is > p, it is weakly p-pseudoconvex (see Lemma 5.2.2 in [15]). Hence 
there exists a smooth {dira{X) — p, dim{X) — p) form defined on X so that 
dd'^Q>2uj-^ ^ on 7rx(C/). We can choose a small neighborhood T^ of TT A' (C/) 

so that dd'^Q > ^x on F. Since i?i^„ is a positive C^ form, f*{Ri,n) is 

well defined and is a positive current. Since f*{Ri.n) converges in X — Trx{Cf) to 
a current, it follows that \\f*{Ri.n)\\x~v is bounded. Because 

\\r{R^.n)\\x = \\nR^^n)\\x-V + 1 1 /* (i?«,„) | k , 

to show that \\f*{Ri.n)\\x is bounded, it is enough to estimate ||/*(_Ri.„)||v'. We 
have 

\\riR^,n)\\v = f r(i?..„)Aw*'"(^)-''+i < / r(i?,,„)Add^(e) 

Jv Jv 



The term 



r{R^,n) A dd-{Q) - / r{R^,^) A dd"" [Q) . 

X Jx-v 



r(i?,,„)Adrf^(e)| 

x-v 



can be bound by \\f*{Ri,n)\\x-Vi a-nd thus is bounded. We estimate the other 
term: Since X is compact 

I / r{R,,u) A dd'{e)\ = I / dd''r{R,,n) A e| = I / r{dd'R,,n) a e| 

Jx Jx Jx 



I / n^'. 

Jx 



i.n "t.n 
IX 



^.rJ A 91 
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Since r2^„ are positive closed C^ forms, /*(fi^„) are well-defiiied and are positive 

closed currents. Choose a constant ^4 > so that Auj-^ ±8 are strictly 

positive forms, we have 

r(f7+„-a-jAe| 

X 

< I / r(^L)Ae| + |/ r(f}rjAe| 

Jx Jx 

< AJ r(f7+jA4™(^)-'' + A / .r(f7rjAc.f"(^'-^ 
Jx JX 

Since fl^ ^ are positive closed currents with uniformly bounded norms, the last 
integrals are uniformly bounded as well. 

ii) From i) we see that for any good approximation scheme by C^ forms K^, the 
sequence /*(i?i,n) — f*{R2.n) has a convergent sequence. We now show that the 
limit is unique, hence complete the proof of Theorem [6] So let r be the limit of the 
sequence f*{Ri.n) — f*{R2.n)- Such a r is a DSH^"^ current by the consideration 
in i). Let iJ„ = H^ — H^ be another good approximation scheme by C^ forms, 
and let r' be the corresponding limit, which is in DSHP~^. Wc want to show that 
T ~ t' . or equivalently, to show that t — r' = 0. 

By Theorem [5l t ^ t' ~ in X — TTx{Cf). Hence support of r — r' is contained in 
TTx{Cf). Since t~t' is in DSHP^^, it is a C-flat {p—l,p—l) current (see Bassanelli 
[3]). Because the codimension of 7rx(C/) is > p, it follows by Federer-type support 
theorem for C-flat currents (see Theorem 1.13 in [3]) that r — r' = identically. 

b) Finally, we show that if Tj are positive closed {p,p) currents converging in 
DSH to T then f^Tj) weakly converges to /»(T). 

We let TTi, 7r2 : Y x Y ^ Y he the projections, and let Ay be the diagonal. As 
in the proof of Lemma [HI we choose A to be a smooth closed {dim{Y) , dim{Y)) 
on Y having the same cohomology class with [Ay]. We write A = A+ — A^, 
where A are strongly positive smooth closed {dim(Y), di'm{Y)) forms. If we define 
^f = i^i)*i^*2iTj) A A±) and 0± = (^i),(7r2*(r) A A±), then {T,} = {0+ - 0"} 
and {T} = {(p'^ — f/* }• Moreover, are positive closed smooth forms converging 
uniformly to 0^. Hence f*{4>j) weakly converges to f*{(j)^). Thus to show that 
f^{Tj) weakly converges to f^T), it is enough to show that f^{Tj — (f>j) weakly 
converges to /"(T — </>), where we define (j)j =4't^4'J and (f) ~ (f)'^ — (f>^ . 

By Proposition 2.1 in [M], there are positive (p — l,p — 1) currents Rj^ and R^ 
so that Tj — (f)j = dd'^{R^ ~ ^J)^ T — (f) = dd'^{R'^ — R~). Moreover, we can choose 
these in such a way that i?^ converges in DSH to R^ . From the proof of a) , /" 
is well-defined on the set of DSHP~^ currents. Thus to prove b) we need to show 
only that f^{R~^) weakly converges to f^R^). 

By Theorem [3 on X ~ 7rx(C/) the currents fH^j ) a-i^d f^i.R^) a-^e the same 
as the currents f°{Rj ) and f°{R'^) defined in [13]. Hence by the results in [13], 
it follows that PiRf) weakly converges in X — 7rx(C/) to f^{R^). Thus as in the 
proof of a), to show that P{Rf) weakly converges to fl{R^), it suffices to show 
that \\f'*{Rj)\\DSH is uniformly bounded. 

The current f^{Rj) is the limit of /*(/C„(i?j)). As in a), we write Kn{Rj) = 
^tn ^ ^7n where i?-„ are positive DSHP^^{Y) forms of class C^. Moreover, by 
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Theorem [T3l there is a constant A > mdcpcndent of j and ?i so that ||i?~^„||_Ds_ff < 
^ll-Rf IIds// ■ It can be seen from the proof of a) that f'^{Rj) is a DSHP~^^ current. 
Moreover \\f^{dd'^Rj)\\DSH, which can be bound using intersections of cohomology 
classes, is < ^||-Rj||DSff, where A > is independent of j. 

We choose an open neighborhood V of Trx{Cf) and a form $ as in the proof of 
a). Then wc can sec from a) that 

\\f\Rj)\\DSH < A\\P{R,)\\X-V,DSH + A\\f{dd-R,)\\DSH, 

where A > is a constant independent of j, and \\f'^{Rj)\\x-v,DSH means the 
DSH norm of f'^{Rj) computed on the set X — V. From the results in [13], 
\\fKRj)\\x-v,DSH is uniformly bounded. The term \\f^{dd'^Rj)\\DSH was shown 
above to be uniformly bounded as well. Thus \\f'^{Rj)\\DSH is uniformly bounded 
as desired. D 

Proof, (of Theorem [7]) 

Let 6* be a closed smooth form on Y having the same cohomology class as T. 
Since T is continuous on U ^ X — A, there are DSHP~^ currents i?* so that 
T — 9 = dd'^{R'^) — dd'^{R^), where R^\u are continuous (see Proposition 2.1 in 
[l4]). As in the proof of the Theorem[6l we will show that /'(i?*) are well-defined. 
Since f~^{A) Ci TTx{Cf) C V, where V is of codimension > p, it is enough as before 
to show that f*{K^{R^)) have bounded masses outside a small neighborhood of 
/"1(A) n TTx{Cf). First, by the proof of Theorem H f*{K^{R^)) have bounded 
masses outside a small neighborhood of nxiCf). Hence it remains to show that 
f*{K^{R^)) have bounded masses outside a small neighborhood of f^^{A). 

Let i? be a small neighborhood of f^^{A). Then there is a cutoff function x for 
A, so that f~^{supp{x)) C B. We write 

riKtiR^)) = fixKtiR^)) + ./*((! - x)KtiR^)). 

The first current has support in B, and hence has no contribution for the mass 
of f*{K^{R^j) outside B. By properties of good approximation schemes by C^ 
forms, (1 — x)Kn{-l^^) uniformly converges to a continuous form on Y, and hence 
/*((1 — x)K^{R^^)) has uniformly bounded masses on X , which is what wanted to 
prove. 

To complete the proof, we need to show the continuity stated in the theorem. 
This continuity can be proved using the arguments from the first part of the proof, 
and from part b) of the proof of Theorem [6] and the proof of Proposition [S] D 

Proof. (Of Theorem HI) 

By assumption and Corollary [I] if V^ is an analytic variety of codimension p 
contained in E{T), then f^V] is well-defined with the number s = in Definition 
|3l Hence the currents 

n 

can be pulled back with the same number s = in Definition |3l here A'^ is a positive 
integer. Since < ^ ■ Aj[I^] — Wn ~ Sn where S'at -^ as A^ — > cxo, by Theorem 
HUit follows that /«(X;, Aj [V,]) = J2i hf^ [^j] is well-defined. D 
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Proof. (Of Theorein[9]) Let T be a positive measure on Y having no mass on Try (C/ ) . 
Let Kn be a good approxim.ation scheme by C^ forms. Then we wiU show that as 
n converges to cx), any hmit point of [Fj] A 7ry(A'„(T)) has no mass on C/. Thus 
hm„^oo[r/] A TTpiKnlT)) = {TTvlrf) (T) where the RHS is defined in [13]. Then 
f^{T) is wcU-defined, and moreover equals to the current f°{T) defined in [T3j, thus 
satisfies ah the conclusions of Theorem [9] 

Now we proceed to prove that any limit point r of [Fy] A 7ry(iir„(T)) has no 
mass on Cf. This is equivalent to showing that for a smooth {dim{X) , dim{X)) 
form a on X x Y , and for a sequence 9j of smooth functions on X x Y having 
the properties: < 6*^ < 1, 0j = 1 on a neighborhood of C/, and support of 9j 
converges to Cf then: 



lim lim / Oja A [V f] A ir^^KniT)) = 0. 

By properties of good approximation schemes by C^ forms, we can write the above 
equality as 



(3.1) lim lim / T A A'„((7ry)*(6lja A [F/])) = 0. 

Writing a as the difference of two positive smooth forms, we may assume that a 
is positive. Now a is a positive smooth form, since < Oj < I for all j, we can 
bound the function {'KY)*{9ja A [F/]) by a multiplicity of (7ry),(aj^*"y A [F/]) 
independently of j. The later is a constant, thus (Try), (0ja A [F/]) is a positive 
bounded function. Then iir„((Try),(6'jaA[F/])) are C^ functions uniformly bounded 
w.r.t. j and n. Moreover, the support of Ar„((Try),(0jQ;A[F/])) converges to Try(C/) 
as J — !> oo, independent of n. Because T has no mass on Try(C/), we can then apply 
Lebesgue's dominated convergence theorem to obtain (|3.ip . D 



4. The map Jx 

Through out this section, let X be the blowup of P^ along 4 points eo = [1 : : 
: 0],ei = [0 : 1 : : 0],e2 = [0 : : 1 : 0],e3 = [0 : : : 1]; J : P3 ^ PMs 
the Cremona map J[xo : xi : 2:2 : 2^3] ~ [^/xq ■ l/a-'i : l/a;2 '■ l/a^s], and let Jx be 
the lifting of J to X. For < i y^ j < 3, Y^ij is the line in P^ consisting of points 
[xq : xi : X2 : x^] where xt = Xj = 0, and Sj^j is the strict transform of S^j in X . 

Let £'0, Ei,E2,E3 be the corresponding exceptional divisors of the blowup X -^ 
P^, and let Lq,Li,L2, L^ be any lines in Eo,Ei,E2, E3 correspondingly. Let iJ be a 
generic hyperplane in P^, and let H^ be a generic line in P^. Then H, Eo,Ei, E2,E3 
are a basis for H^'^{X), and H^, Lq, Li,L2, L3 are a basis for H^'^{X). Intersection 
products in complementary dimensions arc (see for example Chapter 4 in }17)): 

H.H'^ = 1, H.Lo = 0, H.Li = 0, H.L2 = 0, iJ.Lg = 0, 
Eq.H = 0, Eq.Lq = —1, Eq.Li = 0, E0.L2 = 0, Eq.L^ = 0, 
Ei.H"^ = 0, Ei.La = 0, Ei.Li = -1, E1.L2 = 0, E1.L3 = 0, 
E2.H^ = 0, E2.L0 = 0, -B2.il = 0, -B2.i2 = -1, ^1.^3 = 0, 
E-i.H^ = 0, £3.^0 = 0, Es.Li - 0, £3.^2 = 0, £3.^3 = -1. 
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The map J^ : H^'^{X) -^ H^-^{X) is not hard to compute (see for example the 
computations in Example 2.5 in |19|): 

J*x{H) = 3H-2Eo-2Ei-2E2-2E3, 

Jxi^o) = H — El — E2 — E3, 

Jxi^i) = H — Eq — E2 — E3, 

Jx{^2) = H — Eq — El — E3, 

Jxi^s) = H — Eq — El — E2- 
If a; G H^'^{X) and y £ i7^'^(X), since J|- =thc identity map on X, we have the 
duality {J^y).x ~ y.{J'^x). Thus from the above data, we can write down the map 
J*x : H^'^iX) -> H^'^{X): 



J*x{H') = 


= 3H^- 


-Lo- 


-Li- 


-L2 


JxiLo) -- 


= 2H^ - 


-Li- 


-L2- 


-Li 


J*x{Li) -- 


= 2H^ - 


-Lo- 


-L2- 


-L3 


J*xiL2) = 


= 2H^- 


-Lo- 


-Li- 


-L3 


JxiLs) = 


= 2H^ - 


-Lo- 


-Li- 


-L2 



Now we are ready to prove Corollary [21 

Proof, (of Corollary[2|) The restriction Jx : X — [J E^.j -^ X — [J S^j is a biholomor- 
phic map, as can be seen by using local coordinate projections for the blowup tt near 
the exceptional divisors i?,;'s. Moreover it can be shown that Jx(S,;.j) = I]3_i_3_j, 

and every point on Sjj blows up to I]3_i.3_j. Hence 7Ti{Cjy^) ~ [J Si.j. Therefore 
the map Jx satisfies Theorem |6] for p = 2. Thus if T is a positive closed (2, 2) 
current on X then JxiT) is well-defined. For an alternative proof of this fact, see 
Lemma [8] below. 

It remains to show that Jjj.[So,i] = ^[5^2,3]- Since Jj^^(Eo.i) = 5^2,3, by Theorem 
[7]there is a number A so that Jj;^[I]o.i] = A[S2,3]. To determine A, we need to know 
J^jSoa}- We have {So,i} = {H^ — L2 — L3}, hence from the above data we have 

J*x{^i} - rx{H^} - J*x{L2} - J*x{L3} = {-H' + Lo + Li} = -{^3}, 

thus A== -1, and JJf[S^i] = -[£^3]. D 

The following result gives an alternative proof to the conclusions of Corollary [21 
In its proof we will make use of the space Y defined in the statement of Proposition[Tl 
below. Here tt :Y ^ X is the blowup of X along all submanifolds E^.j (1 < J < j < 
3). Then the lifting map Jy of J to y is an involutive automorphism. Moreover, 
if we let Si_j denote the exceptional divisor of Y over 2^^-, then JyiSo^i) = S'2,3, 
Jy{So.2) = 5'i,3, and JviSa.s) = S'i,2- 

Lemma 8. Let T^ and T^ be positive closed smooth (2,2) forms on X, so that 
i) ||T,^||, llTj"!! are uniformly bounded, 
and 

m; T+-T,7 ^ po.i]. 

T/ien Ji(T+-T-)--[E2.3]. _ 

As a consequence, if we replace [Eo,i] in i) and ii) above by any positive closed 
(2,2) current T then J'^{T^ — T^) converges to J^{T). 
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Proof. Let t+ = 7r*(T!+) and r,^ = 7r*(T,^), which are positive closed currents on 
Y. By assumption i), ||t+|| and ||r,7|| are uniformly bounded. Thus we may assume 
that T^ — ^ r+ and r~ -^ t~ , where r"^ and r~ arc positive closed currents on Y. 
Since Jy is a biholomorphic map, we can pull-back any current on Y by Jy- It 
is not hard to see that 

'^1(T+) = n4JyT+), 
Hence 

We need to show that the latter current is — [I]2,3]- To this end, it suffices 
to show that support of 7r*(Jy(r"'" — t~)) is in £2,3. In fact, then we will have 
7r*(Jy (r+— r^)) = A[S2.3], and the computation on cohomology shows that A = —1. 

It is not hard to see that support of r+ — r^ is contained in the union of S'ij's 
(1 < i < J < 3). Let Tij = T'^lsi .■ — T^lsi ■ with support in Sij so that r = 
J2i<,<j<3^h3- In H^'HY) we have: 

here 7r*{Eo,i} can be represented by currents with support in S'o,i- Moreover, 
by considering the push- forwards 7r*(r+ — r~), it follows that Tr*(Tij) = where 
ihj) ¥" (0, !)■ It can be checked that each fiber Sij is a product Sij ~ P^ x P^, 
hence by Kuneth's theorem H'^''^{Si.j) is generated by a "horizontal curve" ctij 
and a " vertical curve" (or fiber) /3i j- . Here the properties of " horizontal curve" and 
"vertical curve" that we use are that tt, (a^.j) = E^.j and tt, (/3ij) = 0. Hence there 
are numbers ai_j and fe^.j so that the cohomology class of Ti.j — ai^jUij — bij^i^j is 
zero. For (i, j) j^ (0, 1), since tt, (t^ j) = 0, it follows that 

Hence aij = for {i,j) ^ (0, 1). 

Note that a non-zero (2, 2)-cohomology class in H'^''^{Y) represented by currents 
with supports in 5*0,1 can not be represented by a linear combinations of "vertical 
curves" with support in IJ,- j\^/q i^ Sij: Assume that 

{ao,iaas + bo.iPas + ^ bi^j/Sij} = 
(^j)#(o,i) 

in H^'^{Y). Push-forward by the map tt implies that ao,i{Eo,i} = in iJ^'^(X), and 
hence ao,i = 0. Thus {J2 ^»,iAj} = in H^^^(Y). Use'the fact that {5,;j}.{/3fej} = 
— 1 if (fc, I) = {i,j), and = otherwise (see for example Chapter 4 in [13), we imply 
that bi,j = for all («,j) as claimed. 

Hence it follows that {n^j} = in H^^^(Y) for (ij) ^ (0, 1). 

We have 

7rH.( Jy(T+ -T-)) = ^7r,( J^Tjj), 

where support of tt, (JyT^j) is contained in I]3_i,3_j. Here we use the convention 
that T,k,i := ^i,k ii k > I. Since Tr^:{JpTij) is a normal (2,2) current, it follows 
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from the structure theorem for normal currents that there is Ai.j G M so that 

T^*{JYn,j) = A,,,[S]^r^j]. If (i,j) 7^ (0,1) then {r,-,} = in H^>''{Y), thus 
{7r,(JyTij)} = in iJ^^^(X), which imphes A,;.j = for such (i,j)'s. Hence 

7r4J^(T+-T-))=7r,(Jfro,i) 

has support in £2,3 as wanted. D 

Proposition 1. Let X be the space constructed in Corollary \^ Let tt : y — > A' 
be the blowup of X along all submanifolds E^ ^ (1 < i < j < 3). Then there is a 
positive closed {2,2)-current T on X with L^ coefficients so that: in iJ^'^(y), 

K(r)}^7r*{r}. 

Here the operator 7r° is defined in Dinh and Nguyen |11| . In this case, in fact tt°(T) 
is also the operator defined in Dinh and Sibony |13j . 

Proof. We assume in order to reach a contradiction that for any positive cfosed 
(2,2) current T on X with Li-coefficients then {7r°(T)} = 7r*{T} in H'^''^(Y). 

By regularization theorem of Dinh and Sibony, there is a sequence T+ and T" 
of positive cfosed (2,2) currents with L^-coefficients such that ||T+|| are uniformly 
bounded and T+ -^ T' + [E^i]. By the assumption we have {7r°(T+)} = tt*{T+} 
for any n, and {tt°{T^)} = 7r*{T^}. Now for the maps Jx and Jy considered above, 
it is not hard to see that J^- = tt, J^tt". Thus, we also have { Ji(r+)} = Jx{T+} 

and{j^(r-)} = Ji{r-}. 

Let T"*" be a cluster point of J'^{T:^). Then it is easy to see that 

r+ > rx{T- + [^.i]) = rxiT-) + rxii^i]) = JxiT-). 

But then this contradicts the fact that in H^'^{X): 

{r+} = lim{J^(y+)}= lim Jl{(r+)} 

= rx{T-] + rx{^s] = {rx{T-)}-m,,]], 

here we used the assumption that J*x{{T+)} = {J°x{T+)} and J*x{{T^)} = {Jx(T")}. 

D 

Proposition 2. Let X be the space constructed in Corollary\^ There is no sequence 
r+ and T^ of positive closed smooth (2,2) forms on X such that 

i) 117+ 1 1 are uniformly bounded 

n)T+-T-^[f^^]. 

Remark 2. In Example 6.3 of the paper [5] of Bost, Gillet, and Soule, a related 
result was given. 

Proof. Use the same argument as that in the proof of Proposition [TJ but now use 
that if T^ are positive closed smooth forms then Jxi^n) = Jxi'^n)^ ^^"^ hence 

{j^(r±)} ^ Ji{r±}. D 
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5. Invariant currents 

Throughout this section, we let X be a compact Kahler manifold of dimension 
fc, and let / : X — > X be a dominant meromorphic map. 

We introduce in the below a condition, called dd'^-p stability. This condition 
seems to be natural for the problem of finding invariant (p, p) currents for a self- 
map / (see the discussions and the results after the definition). 

Definition 10. We say that f satisfies the ddf^-p stability condition if the following 
holds: For any smooth [p — \,p — 1) form a and for any n, f^{{f'^'')*dd'^a) is well- 
defined, and moreover fHif^ydd^a) = {f'+^Yidd'^a). 

In general, condition of dd'^-p stability has no relation with condition of p- 
algebraic stability. On the one hand, the dd'^-p stability condition requires no 
constraints on the action of /* on HP'P{X), because the cohomology class of dd'^{a) 
is zero. On the other hand, it asks for the possibility of iterated pull-back dd'^{a) 
by /. Any map / is dd'^-1 stable, whether being or not 1-algebraic stable. If / is 
p-analytic stable then / is dd'^-p stable. Using the method in Step 1 of the proof of 
Lemma [TUl it can be shown that the linear pseudo-automorphisms in [3] are dd'^-2 
stable. We suspect that these pseudo-automorphisms are also 2-analytic stable even 
though it seems not be easily checked. 

We first introduce an abstract result on invariant {p,p) currents. 

Theorem 11. Assume that f : X ^ X satisfies the dd'^-p condition. Let A he 
a real eigenvalue of f* : H'P'P{X) ^ Hp^p{X), and let ^ Ox e Hp^p{X) be an 
eigenvector with eigenvalue A. Assume moreover that |A| > 6p-i{f) and let s > 2 
be an integer. Then any of the following statements is equivalent to each other: 

1) There is a closed {p, p) current T of order s with {T} = 9\ so that /" (T) is 
well-defined, and moreover f\T) = AT. 

2) There are a smooth {p—l,p—l) form a and a closed {p,p) current T of order 
s with {T} == Ox so that f^T) is well-defined, and moreover /*(T) = XT -\- Xdd'' (a) . 

3) For any smooth (p— l,p— 1) form a, there is a closed {p,p) current T of order 
s with {T} = 9\ so that f^{T) is well-defined, and moreover f^{T) = XT -\~ Xdd'^ (a) . 

4) There is a closed {p,p) current T of order s with {T} = 9\ so that f^{T) is 
well-defined, and moreover f\T) — XT is a smooth form. 

Note that for the current T in Theorem [TTl we do not know whether {f")^{T) 
(for n > 2) is well-defined or not. The proof of Theorem [TT] makes use of the 
following result, which is interesting in itself. 

Theorem 12. Let Tj and T be {p,p) currents of order sq. Assume that —Sj < 
T — Tj < Sj for any j, where Sj are positive closed {p,p) currents with \\Sj\\ — >■ 
as j -^ oo. 

1) If f'{Tj) is well-defined for any j with the same number s in Definition\^ 
then f^{T) is well-defined. Moreover f'{Tj) weakly converges to f^{T). 

2) If f\dd'^Tj) is well-defined for any j with the same number s in Definition\^ 
then f*{dd'^T) is well-defined. Moreover f'{dd'^Tj) weakly converges to f^{dd^T). 

Note that when p = 0, a closed (0, 0) current on X is a constant, hence the 5*^ 
in Theorem 1121 are positive constants converging to zero. 

Proof. (Of Theorem [m 
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i) Let Kn = A'+ — K^ be a good approximation scheme by (7"+^ forms. Let a 
be a strongly positive smooth [k — p,k — p) form on X . then f*{a) is a strongly 
positive form. Therefore K^f^,{a) are strongly positive forms of class C^. Since 
—Sj < Tj — T < S'j, by Lemma [5] we obtain 

- f S,A KtMa) < f {Tj - T) A K^ U{a) < f S, A K^Ma). 
JX JX Jx 

From LemmalU there is a constant A > independent of a so that A\ |a| |LooWjf~^±a 
are strongly positive forms. Then A\\a\\L!yc f^,(io-^^) ± ft{a) are strongly positive 
forms on X. Hence we have 

S, A KtMa) < A\\a\\L^ f S, A ir±/.(4-P). 
IX Jx 

The latter integral can be computed cohomologously, hence can be bound as 



A\\a\\L^ S.AK^Mio'^-n < A\\a\\L^\\S,\\x\\K^Mi,^^-n\\ 
Jx 

< A||a|U=.||5,||x||/,(4-^)||. 
The latter inequality comes from Theorem [131 Hence, 

(5.1) -A\\a\\L^\\S,\\< l{T,-T)AK^Ma)<A\\a\\L^\\S,\\. 

Since f^{Tj) are well-defined for all j, if we take limit as n -> oo in (|5.ip . we get 
^A\\a\\L^\\Sj\\ < f fiT,)Aa-\imsnp f TAKnMa) 

Jx n-i-oo Jx 

< / /« (T, ) A a - lim inf f TA R'nf* (a) 
Jx "-*°° Jx 

< A\\a\\L^\\S,\\. 
Since \\Sj\\ — >■ 0, taking limit as j — >■ oo shows that 

L{a) := lim / T AK„f^{a) 

exists, and moreover it satisfies 

(5.2) _A||a||i=e||5,||< [ f\T,)Aa-L{a)<A\\a\\L^\\S,\\, 

Jx 

for all j, and all strongly positive smooth (dim{X) — p, dim{X) — p) form a. Since 
any smooth (dim{X) — p,dim(X) — p) form a is the difference of two strongly 
positive smooth {dim{X) ~ p,dim{X) — p) forms ai and a2 whose L°° norms are 
uniformly bounded (up to a multiplicative constant) by ||a||L=° by LemmalU it 
follows that (|5.2p holds for any smooth form a. From this, it follows easily that the 
assignment a i— ^ L{q) is a well-defined functional on smooth forms a. Now we show 
that it is a current on X. For this end, it suffices to show that if «„ are smooth 
forms so that ||Q;n||c= — ^ for any fixed s > then -L(a„) — )► 0. This follows easily 
from (|5.2I) by first taking limit when n ^ oo and then taking limit when j — ;> oo, 
using the assumptions that /"(Tj) are currents, hence 



lim / /«(T,)Aa„ = 0, 
for any j. 
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ii) The proof is similar to the proof of i), with a small change: The estimate 
()5.ip is modified to 

-AWdd'^aWL^WSjW < [ {Tj-T)AK^f^{dd''a) < ^||dd'=a||i,oo||S'^-||. 
J X 



D 



The proof of Theorem [Til also uses the following result: 



Lemma 9. Assume that f satisfies the dd'^-p stability condition. Let X be a positive 
real number. If |A| > Sp-i{f), then for any smooth {p — l,p — 1) form a, there is a 
current Ra of order 0, so that f''{dd''Ra) is well-defined, and moreover 

f^dd^Ra) - Xdd^Ro, = Xdd'^a. 



Proof. Define /3 = — a, and consider 



Rn-Yl 



AJ 

J=0 



Since /3 is a smooth (p— l,p— 1) form, there is a constant A > so that —Au^ < 
/3 < Auj^^. It follows that 



Ra-Yl 



iprw) 



AJ 

is a well-defined current which is a difference of two positive currents, hence of order 
0. Moreover —Sn < Rn ~ R ^ Sn, where 

The Sn are well-defined positive closed (p — l,p — 1) currents, because it is well- 
known (see for example Chapter 2 in [19]) that 

hm ||(r)*K'i)||i/" = Vi(/): 

and the latter is < |A| by assumption. The above inequality also shows that HS'nll -> 
as ri — > oo. The dd'^-p stability condition shows that f^{dd'^Rn) is well-defined 
for any n, and moreover f'^{dd'^Rn) — Xdd'^Rn+i = —Xdd'^fS ~ Xdd'^a. Applying 
Theorem 1121 using that i?„ weakly converges to Ra, we have 

f^dd^Ra) - Xdd^Ra = Xdd'^a. 

O 

Proof (Of Theorem [TT|) 

All of the equivalences follow easily from Lemma [S) 

1) =^ 3): Let Tq be a closed {p,p) current of order s with {Tq} = 9\ so that 
/l*(To) is well-defined, and /"(To) - XTq = 0. For any smooth (p - l,p - 1) form a 
on X, let Ra be the current constructed in Lemma [9l Then T = Tq + dd'^{Ra) is 
a closed {p,p) current of order s with {T} = 9\ so that f'^{T) is well-defined, and 
f^{T)-XT = dd^{Ra). 

3) => 2: Obviously. 



PULL-BACK OF CURRENTS BY MEROMORPHIC MAPS 23 

2) =^ 1): Let ao be a smooth (p—l,p—l) form, and let To be a closed (p,p) current 
of order s with {Tq} = Ox so that /"(To) is weU-defined, and /"(To)- ATo = dd=(ao). 
Let Ra be the current constructed in Lemma [51 Then T = Tq ~ dd'^{Ra) is a 
closed {p,p) current of order s with {T} = ^a so that f'^{T) is well-defined, and 
/«(T)- AT = 0. 

Finally, that 2) and 4) are equivalent follows from the dd'^ lemma, since the 
current P{T) — XT is a smooth form cohomologous to 0. D 

Now we give the proofs of Lemma [3] and Corollaries \E\ |6] and [T] 

Proof. (Of Lemma [3]) Since 7ri(C/) has codimension > p, it follows from Theorem 
|6]any positive closed {p,p) current can be pulled back, and the puUback operator is 
continuous with respect to the weak topology on positive closed (p^p) currents. We 
can represent by a difference a = a+ — a~ of two positive closed smooth (p, p) 
forms a^ . Since / is p-analytic stable, it follows that (/")*(a^) = (/'')"(a^) are 
positive closed {p,p) currents for any n > 1. Moreover there is a constant Ci > 
so that ||(/»)"(a=^)|| = ||(/")*(a=^)|| < Cirp(/)" = CiA" (see e.g [H). We follow 
the standard construction of an invariant current under these assumptions (see [22] 
and |6]). Consider the currents Tjv = T^ — T^, where 

l^^(/»).(a±) 



Then T^ are positive closed {p,p) currents with uniformly bounded masses, 
thus after passing to a subsequence, we may assume that they converge to T . We 
define T = T+ -T-. Since {Tm} = {a} for any N, we also have {T} = {a}. Since 
f{T^) - XT^ converges to 0, it follows that f{T) = XT. D 

Proof. (Of Corollary [5]) 

Let Ti and T2 be the Green (1,1) currents for the maps /i and /2 as constructed 
in Sibony [22] , respectively. Then we can write 

j 

for i = 1, 2, where Xj^i > and Vj^i are irreducible hypersurfaces in P*^*. Moreover 
/*(Ti) = diTi and f*{T2) = d2T2- We choose T = Ti x Ta. Consider the finite 
summands 

N 
Sn,i = / ,-^3,»[^',d- 

i=o 

Then f~^{SN,i X 5^,3) = fi^{SN,i) x /2"^(S'iv,2) has codimension 2 in P*^'! x P'^^ 
thus /" {Sn,i X 5Ar,2) are well-defined by Corollary[T] Since Ti x T2 — Sn.i x S'iv,2 are 
positive closed currents decreasing to 0, it follows by Theorem [T2] that /"(Ti x T2) 
is well-defined and moreover 

/«(Tixr2)= lim /»(5jv,i X 5jv,2). 

It remains to show that /'(Ti x T2) = didaTi x T2. To this end, first we show that 
/"(•S'tv,! X Sn,2) = fi{SN,i) X /K^AT^a) for any iV. By the results in (TS] (see also 
the last section), there are positive closed (1, 1) currents Wj^n,i on P'^i and Wj\a,2 
on P'^^ with uniformly bounded norms so that Sjy^i = limj^oo W^j,JV,i and Sn,2 = 
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linij^-oo Wj.N,2- Moreover, we can choose these approximations in such a way that 
support of Wj,N,i converges to Sn,i and support of Wj^n,2 converges to Sn,2- Then 
hnij^oo Wj,N,i X Wj^N^2 = Sn,i X Sn^2, and Wj,n,i x Wj^n,2 has uniformly bounded 
mass and locally uniformly converges to on f^^ x P'^^ — S'jv,i x 3^,2- Hence we 
can apply Theorem [7] to obtain that 

IKSn.i X Sn,2) = lim riWj.N.i x W,,n,2) = Hm /r(VFj,w,i) x niWj,N,2) 

Having this, it follows from the continuity of pullback on positive closed (1,1) 
currents and the definitions of Ti and T2 that 

/«(Ti X T2) = lim f^SN.i X 5jv,2) = lim f^iS^.i) x /a (^jv,2) 

= r{Ti)xr{T2)=did2T,xT2. 

D 

Proof. (Of Corollary El) 

It is well-known that for any smooth (fc, k) form 6 then (/")''(0) = {P)"'{d) (see 
for example [H]). Hence / satisfies dd'^-k stability condition. As in [1^, we can 
find a smooth probability measure 9 so that f*{9) is again a smooth probability 
measure. Hence f*{0) — 5k{f)6 = dd'^{ip), where 1^9 is a smooth (p — l,p — 1) form. 
Hence we can apply Theorem [11] D 

Proof. (Of Corollary [T]) 

Let be a smooth form then /* {6) is again a smooth form since / is holomorphic. 
Then we can use the same arguments as that in the proof of Corollary |6l D 

6. Examples of good approximation schemes, and open questions 

We give some examples of good approximation schemes in Definition [T] in the 
first two subsections, and then discuss some open problems in the last subsection. 

6.1. The case of general Kahler manifolds. Let Z be a compact Kahler man- 
ifold of dimension k. Let 711,772 : Z x Z —> Z be the two projections, and let 
Az C Z X Z he the diagonal. Our construction of examples use the following 
regularization theorem of DSH currents in |12) . 

Theorem 13. There is a sequence of strongly positive closed {k, k) forms K^ on 
Z X Z of L^ coefficients with the following properties: 

i) /i+ — K^ -^ i^z], o,nd \\K^\\ are uniformly bounded. The singularities of 
K^ are the same as that of the Bochner-Martinelli kernel. 

ii) Support of K^ — K~ converges to A^- By this we mean, for any open 
neighborhood U of Az, there exists uq so that if n > uq then support of K^ — K^ 
is contained in U . 

ni) IfT IS aDSHP current then {K+ - R-) ATr^{T) -^ [Az]ATr^{T). Moreover, 
ifTj converges to T in DS HP (Z), then for a given number n : {tti)^,{K^Att2{Tj)) -^ 
(7ri)*(ivr^ A 7r2(r)) when j — > 00. 

Define K,±(r) = (^i)*(A;t A ^(T)), and Kn{T) = K+{T) - K~{T). Then 
Kn{T) ^ T in DSHP{Z) as n ^ 00. Moreover, \\K^{T)\\dsh < A\\T\\dsh, 
where A > is independent ofT and n. 

iv) For any s > 0, there exists a numberlo ~ lo{s) so that Kn^oKn^-^o. . .oKn-^{T) 
is a C" form for any I > Iq, any integers ni, 71,2, . . . ,ni, and any DSH^ current T. 
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v) If T is a continuous form then Kn{T) converges uniformly to T . 

Proof. The definition of A„ is given in Section 3 in |12j . and we will recall the 
construction later in this subsection. All of the references below are from the same 
paper 

i) is given in Lemma 3.1. 

ii) is given in Remark 4.5. 

iii) is given in Theorems 1.1 and 4.4. 

iv) is given in Lemma 2.1. 

v) is given in Proposition 4.6. D 

Let us mention some notations used later on. 

Remark 3. We use the following notations: 

For integers ni, . . . , n/ and a DSH^ current or continuous {p,p) form T on Y , 
we define Kni.ni-i,....ni{T) = Km ° Kn^_^ o . . . o Kn-^(T). For simplicity, we write 
(l) instead of {ni, ... ,ni), and lC[i){T) instead of Krn^...^ni{T). 



We write 



lim T„j_ 

(ni ,712 ,...,n/ )— >cxD 



if for any sequence (ni)fc, . ■ ■ , {ni)k -^ oo we have 
For simplicity we use 



lim Ti^ni)k,...,{ni)k -T. 



limTn) =T 

for such a limit. 

Example 4: By Theorem [Til below, if T is a DSH current then 

lim /C(i)(T) =r, 

for any / > 0. 

The following consequence of Theorem [T3l will be used to approximate DSHP{Y) 
currents by C forms in a linear way 

Theorem 14. i) If Ti is a DSH^^Z) current and T2 is a continuous (dim{Z) — 
p,dim{Z) — p) form on Z then 

f Kt{Ti)AT2= f TiAKt{T2). 
J z J z 

ii) For any integer I and any DSH^{Y Z current T , IC^i) (T) converges in DSH^{Z) 

to T. Here the convergence is understood in the sense of Remark\^ 

Proof, f Of Theorem [Ti)) 

i) By Theorem[T31 the LHS of the equality we want to prove is continuous for the 
DSH convergence w.r.t. Ti. By Lemma[7l the RHS of the equality is also continuous 
for the DSH convergence w.r.t. Ti. Hence using the approximation theorem for 
DSH currents of Dinh and Sibony, it suffices to prove the equality when Ti is a 
smooth form, in which case it is easy to be verified. 

ii) Note that since \\1Ci^i){T)\\dsh < A'-WTWdsh by Theorem [T^ to prove ii) it 
suffices to show that /C(i)(T) converges weakly to T in the sense of currents. 
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We prove by induction on L li I = 1, ii) is the content of Theorem [T3l To 
iUustrate the idea of the proof, we show for example how to prove ii) for the case 
I = 2 when knowing ii) for 1 = 1. Hence we need to show that: For a smooth 
{dim{Z) — p,dim{Z) — p) form a 



hm / Kn:, oKnJT) Aa= / T Aa. 
(2) Jz Jz 

Since a is smooth, by i) we have 

lim / K^., o K,,, {T)Aa = lim / i^„, (T) A X„, {a). 

(2) Jz (2) Jz 

By the case / = 1 wc know that Km (T) converges to T in DSH^ . By Theorem [T3l 
Kn.^{a) converges uniformly to a. Hence a — K^^ict) is bound by €^2^2 ^' 

where e„2 -t- as 712 — ?> 00. A similar argument to that of the proof of Lemma [7] 
shows that 

I / K^iT) A K^.ia) - [ K„,{T) Aa\< Ae„„ 
Jz J z 

where A > is independent of tt-i and 712. Letting limit when ni,n2 converges to 
00 and using the induction assumption for / = 1, we obtain the claim for 1 = 2. D 

Now we define a good approximation scheme by C^ forms as follows: Choose I = 
la{2) in Theorem ll31 and choose the approximation JCr2i)- Most of the requirements 
for good approximation scheme can be checked directly on /C(2;) • The rest of this 
subsection shows the remaining requirements. The next remark concerns the dd'' 

of /C(2;). 

Remark 4. If T is a DSHP{Y) current T = Ti - T2 with Ti,T2 positive {p,p) 
currents, and dd'^{Ti) = fi^ — Vt^ where f2j positive closed currents, then we can 
write: 

i) Kn{T) = Ti^n ~ T2^n whcrc Ti,„ = /v + (ri) + K-{T2) and T2^„ = R-iTi) + 
Kni'^'^) ^'"^ positive currents with L^ coefficients. 

ii) dd%Ti,rr) = n+n " n^^ whcrc i7+„ = x+(o+) + K~{n+) and n^^ = 

K^(Q~) + i^~(r2^) are positive closed {p + l,p + 1) currents with L^ coefficients. 
Similarly, we can write dd'^{T2.n) = ^2 n ~ ^2 w "where ^2 n '^'^'^ ^2 n ^'^^ positive 
closed (p + l,p + 1) currents with L^ coefficients. 

Hi) ||Ti^„||, ||ri~„|| < A||T||£)5//, where A > is independent of T . 

If we repeat this argument and use Theorem \1S\. we see that for I = 2/o(2) as 
above, we can write JC(2io){T) = Ti.(2io) ^ ^2,(2(0) where 

i) Ti^^2io) ^'^fi positive C^ forms. 

ii) dd'^{Ti_{2ia)) — ^i(2i ) ~ ^7(21 )' ^^6''c ^i (21 ) '^''^ positive closed C^ forms. 

iii) \\TtX2io)\\, ll^,'';(2;o)ll - M\T\\dsh, where A>Q is independent of T . 

More explicitly, we can write /C(2(o) = ^121 l ~ ^(2i )' where IC^^i \ are convex 
combinations of compositions of K^ (here m belongs to the set ni, 712, . . . , n2ioA 
so that if T is a positive DSH current, then IC,^i •. (T) are positive currents. For 

example, if Iq = 1, then /Cij = A'j+ o A'j+ + K^^ o K^^ and IC7^, = K^^ o A'j+ + 
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K^oK-^. 


Then we define 






^l,(2Zo) = 


= ^(2io)(^l)+''^r2'o)(^2), 




^2,(2/0) = 


" ^(2io)'^'^2)+''C(2,^)(ri), 




l,(2(o) " 


= ^(2io)(^]^)+^r2'o)(^2"): 




^l,(2io) ' 


= ^(2io)(^l')+^r2'o)'^^2'): 



and similarly for D,^ ,^^ > . 

The following refinements of Proposition 4.6 in [12] concern the continuity prop- 
erty of A^(2/) • Its proof uses explicitly the properties of the kernels Kn in Theorem 

[T51 from Section 3 in [T2| , which we recall briefly here. Let tt: ZxZ^ZxZ 
be the blowup along the diagonal Az, and let Az = 7r^^(Az). Choose a strictly 
positive closed (fc — l,fc — 1) form 7 on Z x Z so that 71^(7 A [A^-]) = [A^]- We 
let G' be a smooth closed (1,1) form on Z x Z having the same cohomology class 
with [A2], and let iy9 be a quasi PSH function so that dd'^ip = [A^] — 8'. Observe 
that (/3 is smooth out of [A^], and (p^^{-~oo) = Az- Let x : R U {—00} — ;■ R be a 
smooth increasing convex function such that xi^) ~ on [^cxDi ^1]: xi^) = ^ on 
[l,+oo], and < x' < 1. Define Xn{x) = xi^ + n) — n, and ifin = Xn ° ^- The 
functions (p„ are smooth decreasing to (^, and dd'^tpn > — 8 for every n, where Q 
is a strictly positive closed smooth (1,1) form so that — 0' is positive. Then we 
define 6+ = ddVn + © and 6" == 6" = 9 - 6', and finally K^ = 71^(7 A e±), 
and Kn = -fsT^ - i^~ . 

Proposition 3. i) Let r„ he a sequence of DSHP{Z) currents converging in DSH 
to T . Assume that there is an open set U <Z Z so that Tn\u are continuous forms, 
andTn converges locally uniformly on U to T. Then Kn{Tn)\u o.^^ continuous and 
converges locally uniformly on U . 

ii) Let T be a DSH^{Z) current. Assume that there is an open set U d Z so that 
T\u is a continuous form. Then for any positive integer I, ICr.-. {T)\u are continuous 
forms, and converges locally uniformly on U . 

Proof, i) Let C/i CC U2 CC C/3 CC t/ be a relative compact open sets in U . 
We will show that K^{Tn) converges uniformly on Ui. Let X2 : ^ ^^ [0, 1] be a 
cutoff function for U2 so that X2 is smooth, X2 = 1 on U2 and X2 = outside of 
U3. We write if,t(T„) = K^{x2Tn) + K^dl - X2)r„). By assumptions, X2Tn 
converges uniformly on Z to X2T, so there are e„ decreasing to as n — >■ so that 
-e„w| < X2T'n - X2T < enw|. Then 



-6„i^±(^|) < Kt{x2Tn) - Ktix2T) < e„i^±(^|). 

Now K~{uj''^) ~ K~{uj^) is a smooth form, and hence K^{u!^) = Kn{ujP) — 
K~[u;^) is a sequence of smooth forms converging uniformly on Z, by applying 
Proposition 4.6 in [12] to w^. Hence to prove i), it remains to show that if^((l — 
X2)T'„) converges uniformly on Ui. 

We let xi '■ Z ^ [0, 1] be a cutoff function for Ui so that xi is smooth, Xi = 1 
on Ui and Xi = outside of 1/2. Then it suffices to show that xi^n ((1 " X2)Tn) 
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uniformly converges on Z.By definition, we have 

XiKt{{l-X2)Tn){x) = f xi{x)K^ix,y)/\{i-X2{y))Tn{y)dy 

Jz 

Xi(x)(f - X2{y))K^{x,y) A r„(2/)dy. 
z 

By definition of xi and X2, the support of xi{x){l ~ X2{y))K^{x,y) is contained 
in a fixed compact set oi Z x Z — Az- Hence by definition of K^, there is an ng 
and smooth forms k^{x,y) on Z x Z so that xi(x)(l — X2{y))K^{x,y) = k^{x,y) 
for all n > no- Then for n > no we have 

XiK^{{l~X2)Tr.)ix)^ f k^{x,y)AT„{y)dy, 

Jz 

and the RHS converges uniformly to /^ k'^{x, y) A T{y)dy since T„ ^ T. 

ii) We prove the claim for example for the case / = 1 and 1 = 2. 

First, consider the case 1 = 1. Then ii) follows by applying i) to the constant 
sequence Tn = T. 

Now we consider the case 1 = 2. Then A:+)(T) = K+^ o X+ [T) + K'^ o /•sT-^ (T), 

and /C^2) (T) == A"+ o/v -^ {T)+K-^oK+^ (T) . We show for example that i^+ oK+^ (T) 
converges uniformly locally on U as both ni and 712 go to 00. We apply i) to the 
sequence T„ = K^{T). The two conditions of i) are not hard to check: First, by the 
case I = 1 the sequence T„ converges locally uniformly on U . Second, by Theorem 

^T^ = Kn{T)+K-{T)^T + K~{T). D 

6.2. The case of projective spaces. In this case, Dinh and Sibony [T3| used 
super-potential to define puUback of a positive closed current. We recall their 
definition in this subsection. The reader is referred to |15] for more detail. 

a) Quasi-potentials: 

Let w be the Fubini-Study form on P*"', normalized so that ||aj|| = 1. Let Cp 

be the convex set of positive closed (p,p) currents T on P*^, normalized so that 

|r| I = 1. If T G Cp, then there is a (p — l,p — 1) current Ut bounded from above 

so that T ~ ujP = dd'^lUr), and we call m = J^Ut f\ uj^'^^^ the mean of Ut- We 

call Ut a quasi-potential of T of mean m. For simplicity we choose m = Q. 

b) Deformation of currents: 

The group Aut{¥^) of automorphisms of P''" is the complex Lie group PGL{k + 
1,C) of dimension fc^ -|- 2k. Wc choose a local holomorphic coordinate chart y 
{y e C''^+^'', with \y\ < 2) of Aut(F'') near the identity id £ Aut{¥''), in such a 
way that y = at id. The element in Aut{¥'^) with coordinate y is denoted by 
Ty. Assume that the norm |y| is invariant under the involution r <-> t~^. Choose 
a smooth probability p with support in |j/| < 1 so that p is radially and decreasing 

in \y\- 

Let _R be a positive or negative current on P*^. For 6 £ C with \9\ < 1, define 



(6.1) Be := / {Tey)4R)dp{y) = / (re,)*(i?)rfp(2/). 

JAut{¥'') JAutiP'') 

This has the same positivcness or negativencss as R. Lcnuira 2.1.5 in [15j shows 
that as — >■ then Rg weakly converges to R and supp{Re) converges to supp{R). 
Moreover, if C/ C P'^ is open and R\u is continuous, then Rq converges locally 
uniformly on U to R. 
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c) Super-potential: 

Let S* be a smooth form in Cp, and let R be in Ck-p+i ■ If Ub is a quasi-potential 
of R (of mean 0), then the number J-^ S A Ur is independent of the choice of Ur, 
and is denoted by 

UsiR)^ [ SAUr, 

JX 

and Us is called the superpotential (of mean 0) of S. 
For arbitrary S G Cp and R G Ck-p+i, define 

UsiR) :- limUs.iR) = HmUsiRe)- 

Note that this definition is symmetric Us{R) ~ Ur{S). 

d) Fullback of currents: 

Let / : P*^ ^- P'' be a dominant rational map. A positive closed (p,p) current T 
is called /*-admissible if 

UT{f.{^''-^+^)) > -OO. 

In this case, we define f*{T) as follows: 

r(r)-iimr(re). 

6.3. Some open questions. Let X be a compact Kahler manifold, and let / : 
X — > X be a dominant meromorphic map. 

A) Let T be a positive closed {p,p) current on X with Sin's decomposition 
T = R+ J2j ^jl^j]- Let E{T) be as in Theorem[51 Assume that for any irreducible 
analytic V contained in E{T) then f~^{V) has codimension > p. Is f'^{T) well- 
defined? If so, is /»(i?) positive? Note that by Corollary El /»(T) may not be 
positive though. 

B) Assume that iriiCj) has codimension > p. 

a) When X = ¥'', [15] showed that 7ri(C/n) has codimension > p for all n. Is 
the same true for a general X7 

b) Does / satisfy dd'^-p stability condition? This holds for p = 1 . 

c) Using a) and the fact that when X = F'' then f^ preserves the convex cone 
of positive {p,p) currents, [H] showed that if moreover / is p-algebraic stable then 
(/")" = (/")" for all n. Does the same conclusion hold when X is arbitrary Kahler 
manifold? We check that the answer to this question is positive when f = Jx- 

Lemma 10. Let Jx be the same map in Section J^. Then Jx is 2-algebraic stable 
and {J x)"^ = Id = (J^)" on positive closed (2, 2) currents. 

Proof. Since Jx has no exceptional hypersurface, Jx is 1-algebraic stable. Because 
Jx = Jx^, it follows by duality that Jx is also 2-algebraic stable. Since Jx = Id, 
it remains to check that {Jx)'^ = Id. Define A = IJiaii ^ij- 
1) First we show that for a DSH^ current R then: 

(6.2) (4f(i?) = i?. 

For this end, first we show that {J^)'^{R) ~ R on X — A. Since J^ is continuous in 
the DSH^ topology by Theorem [6l using Theorem [13] it suffices to show (|6.2p for 
a smooth (1, 1) form R. In that case it is easy to see, since {J^)^{R) is determined 
by its restriction on X — A, and on AT — ^ it is not other than the usual puUback 
of smooth forms (Jx|x-a)^(^)- 
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Having {jl^)'^{R) = RonX — A, then (|6.2p follows by the Federer type of support 
in [3]. 

2) It follows from 1) that if T is a positive closed (2,2) current on X, then 
{jlr)^(T) — T depends only on the cohomology class of T. In fact, if T' is a positive 
closed (2, 2) current having the same cohomology class as T, then T — T' = ddP{R) 
for a DSH^ current R. Then from 1) 

(4)2(r) - {j\f{T') = dd^{j\f{R) = dd^{R) = T-T'. 

3) From 2), to prove Lemma ITOl it suffices to show it for a set of positive closed 
currents whose cohomology classes generate H^'^{X). For such a set, we can con- 
sider the currents of integrations on a generic line in P^, a generic line in the 
exceptional divisors Eq, Ei, E2, E^, and the line Sij. In these cases, the wanted 
equality is easy to be checked. D 

C) Can the constructions of invariant currents in the Subscction ll.4l be extended 
to other cases, for example for a map in Question B? 

Lemma [3] gives a positive support to this question. More generally, for any 
meromorphic map /, there are natural candidates /i for an invariant measure of /. 
These measures can be standardly constructed as in the proof of Lemma [3l Let a 
be a smooth probability measure. Then fi is a cluster point of the sequence 

_ 1 ^^ (/*p(a) 

There are two problems remain to be solved. First, we don't know whether the 
measure fi constructed this way can be pulled back or not. Second, wc don't know 
whether we have a continuity property to help showing that f^n) ~ Sk{,f)fJ.. If 
we can extend Theorem [T^] to be applicable to the sequence fiN then we can solve 
these two problems altogether. 
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